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INTRODUCTION 
Let k be a field of characteristic zero and G a finite extension of a torsion- 
free soluble group of finite rank. The aim of this paper is to give a 
description of the injective hull E,,(k) of the trivial module k and to study 
various properties of this module. S. Donkin has, shown in [2] that if G is 
poiycyclic-by-finite and V isa finite-dimensional kG-module,’ then E,,(V) is 
an artinian module whose endomorphism ring is Noetherian. These results 
are deduced from the fact that the Hopf algebra .FO(G, k) of finitary 
functions in quasi-affine [2, Theorem 1.6.5] and th.e main results of] 3 1~ 
show that if G belongs to the more general c ass of groups indicated then 
again .FO(G, k) is a quasi-affrne Hopfalgebra (Theorem A). This ailows us to 
draw the same conclusions concerning E&V). 
For our other esults we assume that G has a nilpotent normal subgroup N 
such that G/N is tinitely generated free abelian. 
In Theorem B we show that here is a tinitely generated (comm~tativc) 
polynomial algebra k[X] on which G acts as a group of algebra 
automorphisms, such that E&k) E k[X] as (right) I&modules. In other 
words for all 4,: 0, E k[X] and g E G we have 
In addition the generators f k[X] lie in a finite-dimensional ubmodule of 
k[X] and so the module action on k[X] is determined by the action on such 
a submoduie. 
This description of E,,(k) is particularly we lsuited to the study of its 
socle series. We introduce a weight function monomials in k[X] such that 
E, = socg’(k[X]) the tth term of the ascending secular series of k[%] is 
sparmed by monomials of weight at most f (Theorem C). By counting 
51 
0021-8693/83 33.00 
Copynght C 1983 by Academic Press, Inc 
Ali rights of reproduction in any form reserved. 
52 IAN M.MUSSON 
monomials of fixed weight we are able to compute the dimensions ofthe E, 
as vector spaces. The weight function is determined by the subgroups 
fit = Fit(G) f? C,(E,) which have certain features in common with 
dimension subgroups. 
In the first section we prove the nilpotent case of Theorem B. This 
involves xtending work of Hall [6, Sect. 71 and Jennings [S] on filtrations 
of the augmentation ideal to the case of nilpotent groups of finite rank. In 
Sections 2 and 3 the general cases of Theorems B and C are proved together 
by induction the Hirsch number of G/N. 
In Section 4 we study group theoretic properties of the subgroups o”, and 
composition factors ofE&k). 
In general ifr is a finite extension ofa torsion free soluble group of finite 
rank, then r has a subgroup G of finite index such that G/N is finitely 
generated free abelian, where N is the Fitting subgroup of G. If E = E,,.(k), 
then by Lemma 6.2 of [3] and induction t socF’(E) = socl;“(E). Since the 
restriction of E to kG is injective by Lemma 2.1 of ] 131, we deduce that E is 
isomorphic toE,,(k) as a kG-module. Also we can apply Theorem C to 
compute the dimensions ofsocr’(E). 
1. TORSION-FREE NILPOTENT GROUPS OF FINITE RANK 
If G is a torsion-free nilpotent group of finite rank, then the augmentation 
ideal g has the AR (Artin-Rees) property b Theorem C of [ 191. Thus if 
E = E,,(k), then E = lJ E,, where E, = ann, g’. Moreover E, is the injective 
hull of k as a kG/g’-module. 
We claim that E, z (kG/g’)* as kG-modules. This follows ince 
(kG/g’)** s kG/g’ is a free kG/g’-module and has a unique maximal 
submodule. Itis also easy to see that Et is the tth term of the ascending 
secular series ofE. 
If G is finitely generated the dimensions ofthe augmentation quotients 
Llt/!f+ were computed by Hall [6, p. 561, see also [16, Theorem 3.4.101. We 
develop a similar theory for the finite rank case. This is perhaps the most 
appropriate setting for such a theory, since if G is any group, then n, gt = 0 
if and only if G is residually (torsion-free nilpotent) by Theorem VI.2.26 of 
[ 151. Hence if G is torsion free nilpotent i is of interest to study the 
filtration of kG given by the powers of g. However, if we require also that 
g/g* g G/G’ @ pk has finite dimension, then G/G’ has finite rank and conse- 
quently so does G by Theorem 2.26 of [ 171. 
For application n Section 3 we work in the more general context of No- 
sequences adapting the arguments and notation f[ 161 as far as possible. A 
sequence 
G=G,zG,z... ‘>Gd+,=l (1.1) 
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is an NO-sequence if G/G, is torsion free and (Gi, Gj) c Giij for all iand j. 
For instance, thedimension subgroups ofG form an NO-sequence by Lemma 
3.32 of [I6]. 
For g E 6, g # 1 we write v(g) = m if g E G,\G,, , and v(I) = co. We 
want to consider the filtration of g associated with (I. I)* For each k > 1, let 
I, denote the subspace of kG spanned by elements 
(81 - l>(g* - 1) ... (8, - 1) with 2 v(g,) > t. 
Then I, is an ideal of kG since it is closed under multiplication by (g- 1) 
and 1 E kG. 
If G is a torsion-free nilpotent group of finite rank, xE G and yp = x for 
some p E L, y E 6, we can write y= xllp since an element of G has at most 
one pth root. This identifies the isolator of (x> in G with a su 
additive group of rationals. If H is a finitely generated subgroup of G we set 
Hi=Gif7Hso that 
is an NO-sequence ofH. Using Lemma 34.4 of ] 16j we refine this to a 
normal series 
with ei/Ei+, infinite cyclic and central inH/Li, i . 
We choose an element xi in H whose image generates the factor L,/Li. ,
Then elements ofH may be written u iquely inthe form 
x = X”,Xbz . .. xbn 
1 2 n with bj E 27. 
We say the subgroup H is dense in G if every element of G may be written 
uniquely inthe form 
x = Xblxbz . .. 
1 2 X”,f? (i.2) 
for certain rational exponents b,. We adopt his terminology because if H is 
represented as agroup of unipotent matrices over H, then G is isomorphic to
a subgroup of the Zariski closure ofH over Q. 
LEMMA 1.1. If G is a torsion-free nilpotent group of$nite rank, then G 
has a g%niteZy generated dense subgroup. 
ProoJ: We use induction the length of a central series with factors 
isomorphic toadditive subgroups ofQ. Let Z be an isolated subgroup of the 
centre of G having rank 1. By induction G/Z has a finitely generated dense 
subgroup H,/Z generated byx,Z,..., x,-1 Z. Let Hi be the subgroup of G 
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generated by x, ,..., x,-, .If H, n Z # 1, this intersection is i finite cyclic 
and we choose X, as a generator. If H, n Z = 1, let X, be any nontrivial 
element of Z. It is now easy to see that H = (H,, xn) is a dense subgroup of 
G. 
We remark that if H is a finitely generated dense subgroup of G, and K a 
finitely generated subgroup of G containing H, then a comparison fHirsch 
numbers hows that 1K: HI < CO. 
We use the representation (1.2) to show that 1,/I,+, has a vector space 
basis consisting of (images of) elements ofthe form 
~(a,, a2,..., a, ) = (x, - 1)“’ (x2 - 1)“’ ... (x,, - l)“~?, 
where the a, are nonnegative integers and wt(r) = Cr= 1 aiv(xi) = t. 
LEMMA 1.2. The elements q(a, ..., a, ) with wt(q) < t span kG modulo 
I /+l’ 
ProoJ: Every element of G may be written i the form x = x:1 ... xi’,11 as 
in (1.2) with bi E Q. 
Suppose bi =p/q, y= xpi and C = (x1’“). Then yy = x7 and 
(y9- l)=q(y- 1) modc2 
--(xi - 1) mod c2. 
Therefore (y- 1) =p/q(xi - 1) mod c2 and repeating this argument allows 
us to express (y - 1) as a linear combination f elements (xi - l), 
(xi - 1)2,..., (xi - 1)’ mod cr+‘. 
Now use this to expand x as a linear combination fq’s mod g”’ z I,, 
and delete from this expansion a y r’s with wt(q) > t + 1. 
For the proof of linear independence of the q’s we need the following 
variant of[ 16, Lemma 3.4.121: 
LEMMA 1.3. Let H be a subgroup of finite index in a finitely generated 
nilpotent group K and suppose that K = K, 2 K, 2 1.. 2 Kd+ , = 1 is an NO- 
sequence ofK. Let Hi = Ki f7 H so that {Hi} is an NO-sequence of K, and let 
{V,}, {IV,} be corresponding filtrations of lj and f, respectively. Then
kHf? W,= V,. 
ProoJ The containment V cl kH n W, is trivial. Each Hi/H,+ 1can be 
regarded asa subgroup of the free abelian group Ki/Kj+, and the ranks of 
both are equal. The fundamental theorem on abelian groups allows us to 
write both as product of infinite cyclic groups in such a way that each 
generator in Hi/Hi +1 is a power of some generator of K,/K,+, . 
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IIn this way we obtain generators {y, ..., y,)of 
whose images form a basis of the appropriate quotie 
K UCY,,+i f~or some s(i) > 1. (Note that if h E then h E H, if and only ff 
h E K,, so the notation v(h) is unambiguous). 
Now suppose that a E kH f? W,. Then we may write a as a sum of 
products n= (x1 - 1)“” e.3 (x, - 1)“~ mod V, by Lemma 1.2. 
Let ZI = mm{ n@(n) 17c E supp a mod V,}. We need to show that 2: > 1. 
since this will give 71 E V,, so a E V, . 
e have ySCi’g = xi for some g E KDCYi,+, . 
Xi - 1 = (Jp’g- 1) 
s s(i)(yi - 1) mod WI.,,,,,+ I. 
From this it follows that 
7155 s(l)“1 *.* s(np (y, - 1)“’ .I * (y,, - 1)“” 
mod W,, , if wt(7r) = u. 
Now write a= C b,rc(a, ,..., a,)mod V, and suppose 71 E supp a satisfies 
wt(n) = v ( t, where 7r(a, ,..., a,)= (x:1 - 1)(,x, - 1)“’ .‘L (x, - 1)“j7. Then 
v+l<t and since aE W,< WL>&] we have 2 b,s(l)“’ .~. 
s(n)On (yr - I)“’ ... (y, - 1)“” E W,, , . Hence by 116, Lemma 3.4.8 ] 
7c= (y, - 1)“’ **. (y,- 1pE w,,,,. 
Therefore wt(n) > u + 1, a contradiction which proves the lemma. 
THEOREM 1.4.~. With OUY previous flotation the elements 
r = u(a, 5.S~) a, = (x, - l)“l ... (x,_~)‘~ with wt(v) < t form a basis of 
kG mod I,. 
Proojr: By Lemma 1.2 these lements span I&/I,. 
Suppose that a= C k, q(al ,..., a,)E I, where the sum is over q(a, ,..., a,,) 
with wl(q) < t. Then we can write a as a sum of products of the form 
z= (g, - 1) ... (g, - 1) with C v(g,) > t. Let K be the subgroup of G 
generated byH and all the gi)s that occur here. Then M is finitely generated 
and so by choice of H, 1 K: HI < co. Let { Wf}, {Vi} be the filtrations of t,h
with respect tothe NO-sequences K, = G, n K and Hi = Gj n H of K and H, 
respectively. 
Then we have a = 2 k,v(a, ,..., a,)E W,. owever, each y lies in 
f’ W,= %; by Lemma 1.3. 
Since ach PJ satisfies wt(q) < t this gives k, = 0 for all a= (CJ! ,..., a, ) by 
j16, Lemma 3.4.81. 
We need to change our notation somewhat in order to derive our results 
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about injectives. First, itis clear from the structure of the group G that every 
element x of G may be written u iquely inthe form 
x=xbn n .-. X;~X;I = x(b, , b, ,..., b,), (1.3) 
where the exponents bi are certain rational numbers; that is, with the 
generators xi in the reverse order to Eq. (1.2). 
We consider the elements 
e(a,, a2,..., a,)= (x,~ - 1)“” (x,-r - l)““-’ ... (x, - I)“’ 
and define wt(0) = C ai v(xi). 
The result corresponding to Theorem 1.4.~ is as follows: 
THEOREM 1.4.8. The elements 8 = B(a, ,..., a, ) with wt(r3) < tform a 
basis of kG mod I,. 
We now return to the description of E = E,,(k) given at the beginning of
this ection. We have E = U E,, where E, z (kG/g’)*. Defining weights of 
elements ofG with respect tothe dimension subgroup sequence, we have that 
kG/g’ is spanned by elements ofthe form O(a, ,..., a,) with wt(r3) < t. We 
denote by B*(a, ,..., a,)the corresponding element of the dual basis. We can 
regard the elements 8* as linear functions from kG to k vanishing on g’, 
where t = wt(0). The module action is given by left translation, i.e.for 
8* E E, g, h E G we have 
(@“g)(h) = e*(gh). 
We introduce functions X,, X, ,..., X, as follows: ifxE G is written asin 
(1.3) we set X,(x) = bi. We regard Hom,(kG, k) as an algebra with pointwise 
operations, i.e., for #1, & E Hom,(kG, k), gE G 
($4 +h)(g) = i,(s) + h(g), 
and as a right kG-module via left translation. 
Denote by R (temporarily) the subalgebra of Hom,(kG, k) generated by
the Xi. For an indeterminate X and nonnegative integer a we write (z) for 
X(X- 1) S-a (X-a + 1)/a!. 
LEMMA 1.5. We have 
Q*(a,, a2,..., a,) = fi (2) 
i=l I 
as functions. 
(1.4) 
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ProoJ: Suppose that 0= 19(a, ,..., a,)satisfies wt(i9) < t. Then 8* occurs 
as part of the dual basis of kG/g’ and so vanishes ongf. The proof involves 
writing an element x as in (1.3) modulo 9’ as a linear c~rnbi~at~o~ of 
elements B(c, *.., c,)and showing that he coefficient of @(a, ..~) a, can be 
obtained bysubstituting b  for Xi in the product on the right of (1.4). 
To do this we use induction on the number of nonzero ~1:s. Hfc&i = 0 for all 
i, then QO, O,..., 0) = 1 and this case is easily dealt with. 
If only one ai is nonzero, we can simplify notation by su~~osi~g % is 
isomorphic toan additive subgroup of Q, (x) is an infinite cyclic subgroup 
of G and y = xb for b E Q. 
We must find the coefficient of 6 = (X - I)” In the expansion fy mod a’, 
ere satisfies wt(8) = a < t. The elements (x- l)j, 0,< i < t - 1, form a 
basis for I&/Q’ by Theorem 1.4.8, sowe can write 
f-1 
y = Xb = 1 /$(x - l)i + a, where a E 9’. (1.5) 
i=O 
We must find /I,. The idea is to differentiate this equation a times with 
respect tox and then set all powers of x equal to 1. 
Let b =p/q, H = (XI/~) and let K be a finitely generated subgroup of G 
containing M such that aE f’. Clearly 01 E kN by (1.5) so a E 0’ by Lemma 
1.3. Therefore byLemma 3.4.5 of [ 151 01 is a sum of terms of the form 
Using the product rule for differentiation i  is easy to see that he ~th 
derivative of such terms vanishes atx’lq = 1. 
Therefore 
and this gives the correct value for A, . 
To treat the general case suppose that ak # 0, but cli = 0 for t < k. Then 
QO,..., 0, Qk,..~, a,)= 8(0 )...) ak+],..., a,) e(0 )...) Uk.o,..., 0). e can assume 
bj = 0 for i < k and 
qo,..., 0, ak+ ] )~..) a,) f 1. 
Write x= x(0 ,..., 0, b, ,..., b,)as x = x’xi, where X’ = x(0,..., 0, 6 _ I ).*., b,)
andb=b,.Thenx-1=(x’-1)(x:-1)+(x’-1)+(x:-14). 
Now the coefficient of 0(0 ,..., ak ..., a, ) in the expansion fx is equal to 
uct of the coefficient of $(O ,..., 0, akr, ..., a,)in (x’ - I) and the 
coefficient of B(0 ,..., 0, ak, 0,..., 0) in (x”, - 1). We have shown that (1.4) 
holds. 
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Formula (1.4) shows how to express any function 19” E E,,(k) as an 
element of R. Conversely weshow how every element of R may be expressed 
in terms of the 19*‘s. 
The algebra R is spanned by monomials of the form 
m = m(a, ..., a,)=Xzn ..a Xi*X;ll. 
We set wt(m) = C aiv(Xi), where v(X,) = v(xi). Then we have to show that 
the subspace of R spanned by 8*‘s with wt(0) < t is equal to the subspace 
spanned by monomials m with wt(m) < t. This reduces to the case of an 
additive subgroup of the rational numbers. 
LEMMA 1.6. If G is an additive subgroup ofthe rational umbers, then 
1,X ,..., Xf and 1,X,X(X- 1)/2 ,..., (X(X- 1) ..a (X-(t- l)))/t! span the 
same subspace of Hom,(kG, k). 
Proof. An easy induction. 
Another consequence ofLemma 1.6 is that he monomials in X, ,..., X,are 
linearly independent elements ofR, since the 8*‘s are linearly independent. 
Therefore R = k[X] is just he polynomial gebra inX, ,..., X,.In summary 
we have proved the following result: 
THEOREM B (Nilpotent Case). If G is a torsion free nilpotent group of 
Jinite rank, then E,,(k) E k[X] afinitely generated polynomial subalgebra of 
Hom,(kG, k) on which G acts by left translation. 
It is easily checked that G acts as a group of algebra automorphisms on 
WI. 
Since we have identified k[X] with U, (kG/g’)* itfollows that 
k[X] = {f E Hom,(kG, k) / f(g’) = 0 f or some t}. We show in the next 
section that k[X] carries a Hopf algebra structure in the nilpotent case. 
2. TORSION-FREE SOLUBLE GROUPS OF FINITE RANK 
In this ection we extend the results on the structure of E,,(k) for G 
torsion-free nilpotent of finite rank, to the case where G is a finite extension 
of a torsion-free soluble group of finite rank. Any such group G has a 
normal nilpotent subgroup N such that G/N is finitely generated abelian-by- 
finite (see the remarks [20, p. 251). Our strategy isto use induction the 
Hirsch number of G/N as in [2]. 
The first lemma extends a result ofBrown, Section 3 of [ 11, see also 12, 
Theorem 1.1.11. The proof given is due to R. L. Snider. 
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LEMMA 2. H. Let G be a finite extension of a torsionTree soluble group of 
finite rank, k a field of characteristic zero and V a ~~~te-d~rne~~ion~~ kG- 
module. Then E,,(V) is locally finite, that is, ezjery finitely generated 
submod~le isfinite dimensional. 
BlsoS. It is enough to show that E = E,,(k) is locally finite dimensional. 
Once this has been established theresult for E,JV) can be deduced as 
follows: For a kG-module M there is a natural isomorphism ofvector spaces 
Hom,(M, V@ E) g Horn&M@ V*,E). This gives an isomorphism of 
functors EIom,(-, V0 E) + Hom,(- @ V*, E). However, - 6.J V* and 
om,(--, E) are exact so Horn&, V @ E) is exact. Therefore V @ E is 
injective, and so contains a copy of E&V). Thus to show that EkG(V) is 
locally finite for any finite-dimensional moduleV it is enough to show that E
is locally finite. 
Let M be a finitely generated submodule of E. y passing toa subgroup of 
finite index we may assume G is torsion free. Th the set 5’ = 4 + n consists 
of regular elements ofkN. Moreover S is an Ore set in kN and S- ‘KN is 
Noetherian. Forthe verifications of these statements we refer to Theorem C’, 
Lemma 2.2 and Corollary Cl of [ 191. Since S is invariant under conjugation 
by G it follows that S is an Ore set in kG. Also R = S-‘kG is an iterated 
skew polynomial ring over S-‘kN and so is Noetherian. 
Let t(E) = {e E E 1 es = 0 for some s E S}. Since S has the 0re condition 
t(E) is a kG-submodule ofE. If t(E) # 0, then t(E) n k f 0 which is clearly 
impossible. Thus t(E) = 0 and divisibility of E implies that for e E E, e f 0, 
s E S there is a unique lement fE E with fs = e. Hence E can be made into 
an R-module. If1= nR, then by adapting the proof of 116, 
we can show that I has the AR property inR. Since 
generated ssential extension of k as an R-module M1’ (3 k _ 
t. Fence M1’ = 0 and M is a finitely generated submodule of E,(k), where 
T = R/r”. 
Finally R/I z kG/N satisfies a polynomial identity and since 111’ is 
nilpotent so does T. Therefore by [7 1 M is artinian, and so has a 
composition series of finite length. Again since 111’ is nilpotent eat 
composition factor isa simple kG/N-module and so finite dimensional. 
A functionfE Hom,(kG, k) is called finitary if there are flunctions fi , SIE 
Hom,(kG, k) i = l,..., m such that 
for all g, h E G. 
We write %FO(G, k) for the set of all finitary functions from G to k. Then 
FO(G, k) is a subalgebra ofHom,(kG, k) under pointwise operations, and
also aright kG-submodule bymeans of left translation Also cFO(G, k) is the 
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unique maximal ocally finite submodule of Hom,(kG, k) (see [2, Sect. 1.21). 
Hence E,,(k) is isomorphic toa submodule of %(G, k). 
In addition X0 =&(G, k) carries a Hopf algebra structure [2, Sect. 1.21. 
We identify F0 0% with an algebra of functions on G X G. Then the 
comultiplication 
,u(f) -5 @ 6 satisfies p(f)@, y) =f(xu) for fE X0, x, y E G. 
The augmentation E:3-t k is given by a(f) =f(l) and the antipode 
S:.F+.~ by S(f)(x) =f(x-‘). 
In Section 1.2 of [2] Donkin establishes a covariant equivalence between 
the category of locally finite right kG-modules and left &(G, k)- 
comodules. Inparticular theobjects ofboth categories arethe same as vector 
spaces, and if E is a locally finite right kG-module, then E is injective f and 
only if it is injective as an XO(G, k)-comodule. W  note that he regular left 
comodule .F(G, k) is injective by [.5, (1.5a)]. TheHopf algebra O(G, k) is 
also known as the algebra ofall representative functions on G and is studied 
by Mostow [ 121 and Magid [lo]. 
Now suppose that G is a torsion-free nilpotent group of finite rank. Then 
it follows from the nilpotent case of Theorem B and the above discussion 
that E,,(k) % k[X] asubalgebra and right kG-submodule of.FO(G, k). As we 
saw above k[X] = {f~ flG, k) ]f(g’) = 0 some t}. It follows easily that 
k[X] is a subHopf algebra of .&(G, k) ( see the proof of [4, Proposition 
51.11). 
Following [2], we say that aHopf algebra A is quasi-affine i  the subHopf 
algebra generated by each block component of A is a finitely generated 
algebra. 
THEOREM A (Nilpotent Case). If G is a torsion-free nilpotent group of 
finite rank, then .%(G, k) is a quasi-afJine Hopf algebra. 
ProoJ: We have shown that k[X] is a finitely generated sub-Hopf algebra 
of %FO(G, k). We refer to Section 1.2 of [5] for the definition of the coefficient 
space cf( V) of a comodule V. It follows from [S, (l.Zf)] that 
cf(k[X]) = k[X]. Since k[X] is the principal block component of X0, the 
sub-Hopf algebra generated by every block component of Lc is finitely 
generated by Corollary 1.4.4 of [2]. Thus FO(G, k) is a quasi-affine Hopf
algebra. 
We next describe a decomposition of E,,(k) when G has the form 
G = H >a A, where A = (y) is infinite cyclic and H is torsion-free soluble of
finite rank. In this case E,,(k) z E&k) @ ELA(k), where EkA(k) isregarded 
as a kG-module with trivial H-action and E&k) is given a suitable kG- 
module structure. Forpolycyclic groups this is due to Donkin [4]. As in 
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osition 3.1.2(i) of 141, the kH-module structure on E,,(k) extends to a 
Iy finite kG-module structure. W  repeat the details since they will be 
needed later. 
For a kH-module V affording the representation p andg E define a 
representation pg: hi+ End,(V) by pg(h) = p(ghg-‘) for h E e denote 
by Vy the k-space V regarded asa kiTmodule via 
Ivow it is easily checked that E,,(k)Yis aninje module which is 
an essential extension fk. Hence there is a ule isomorphism 
“k”: E,,(k)” + E&k). We define 
e . y = Y(e)‘) for e E E,,,(k), 
e.y-’ = y-‘(&), 
where -’ is regarded as a map EkN(k)Y-’ -Ekl,(k). This defines 2 kA- 
module structure on E,,(k) such that e. yP ’ . h y = e . h?‘ for all hE li. 
Thus we can extend the kITmodule structure on E,,(k) lo a kG-module 
structure (cf, 14, Proposition 3.1.21). We say that E,,(k) is a kG-module via 
Y, and write E,,(k), for E&k) considered as a kG-module in this way. 
PROPOSITION 2.2. With the above notation 
E,,(k) z E,,(k), 0 E ,(k) as kG-modules. 
ProojI As in Proposition 3.1.2(ii) of [4] we can show that he socle of 
E = E&k),+, @ EkA(k) is the one-dimensional trivial module. By Lemma 2.i 
E&l ” E,,(E) = 1 is locally finite dimensional. We can now adapt the 
proof of Proposition 3.1.1(i) of [4] to show that E is injective so E FZ EkJk). 
PJow let r be a finite extension fa torsion-free soluble group of finite 
rank G such that G/N is free abelian for a normal nilpotent subgroup N of 
G. Then G has a series 
G=G,IG,... xG,~+~=N~ 
where G,, I a G for 1 < i < s with Gi/Gi+ iinfinite cyclic. 
(2.1) 
THEOREM A. Let r be a $nite xtension fa torsion free soluble group 
of finite rank. Then <FO(T, k)is a quasi-affine opf algebra. 
PT-OOJ We know that FO(N, k) is a quasi-affine opf algebra by the 
&potent case. The proof proceeds a in Theorem 1.65 of j2] by induction 
on tke length of the series (2.1) using the results of12, Sect. 1.5] for the 
finite quotient T/G. 
From this result we can deduce the following corollaries as in [2]. En all 
the corollaries G i a finite extension fa torsion-free soluble group of finite 
rank, and k is a field of characteristic zero.
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COROLLARY Al. Any essential extension of a $nite-dimensional kG- 
module is artinian. 
COROLLARY A2. If V is a finite-dimensional kG-module, then the 
endomorphism ring End&E(V)) of the injective hull E(V) of V is 
Noetherian. 
COROLLAR~_Y A3. If I is an ideal offinite codimension n kG, then the 
completion kG,of kG with respect to Iis Noetherian. 
WeAemark that for torsion-free nilpotent groups of finite rank, the fact 
that kG, is Noetherian follows from Theorem 3.4 of [ 1 I]. Using this result 
and the methods of [14], one can obtain proofs of Corollaries Al and A2 in 
this pecial case. 
To prove Theorem B we shall need a slight change of notation from 
Section 1.Relative toa given NO-sequence of N = Fit(G) choose lements xi, 
1 < i < n, as in Section 1 and relabel xias xi+ s. Now choose lements xi, 
1 < i < s, such that he image of xi in G/Gi+ Igenerates Gi/Gi+ ]. Then every 
element of G has a unique representation in the form 
x = X(b, )...) b,) = xfr . . . XpxfI with bi E Q, (2.2) 
where we have written r = n + s. 
Let Xi E Hom,(kG, k) be defined by X,(x) = b, when x is written as in 
(2.2). 
For 1 < i < s let k[Xli be the polynomial ring in X,, X,_ , ,..., X, 1 ,..., Xi.
Thus we relabel the object k[X] constructed in Section 1,using the given NO- 
sequence ofN as k[X],+ 1.Also k[X], denotes the polynomial gebra inall 
the indeterminates X,, X, ,..., X,.. From now on we refer to this algebra as 
WA. 
We have shown that N = G,, r acts as a group of algebra automorphisms 
of k[X],+, and Eke,+,(k) 2 [X],+, asright kG,+,-modules. Suppose by 
induction that Gi, I acts as a group of algebra automorphisms ofk[Xli+, 
and EkCi+, g k[Xli+ 1 for some integer i with 1 < i < s. Write y for the 
generator of G,/G,+, and as before choose an isomorphism Yi: (k[Xli+ ,)” --f 
k[Xli+ r and regard k[X],+, asa kGi-module via Yi. Then Proposition 2.2
gives k[X], = k[X]i+ r ,,,i @ k[Xi] g E,ai(k) asright kGi-modules. We have 
proved the first atement of Theorem B. 
THEOREM B. With the above notation E,,(k) g k[X] as kG-modules, 
where k[X] is a jinitely generated polynomial algebra. Moreover for a 
suitable choice ofthe module isomorphisms Yi, G acts as a group of algebra 
automorphisms on k[X]. 
THE STRUCTURE OF CERTAIN INJECTIVE MODULES 63 
We prove the second statement by induction the length of the series 
(2.1). To do this we need some information on the socle series ofk[%] which 
is proved in Section 3.To apply induction we suppose that G is a subgroup 
of some larger g oup r such that r/IV is free abelian d T/G infinite cyclic, 
generated by the image of y E I’. Suppose we have shown EkG(k) z k[X], 
where G acts on k[X] as a group of algebra automorphisms and consider the 
kS-module k[X], 0 k[ Y] = k[X, Y], where y acts on k[Xj via a suitable kG- 
module isomorphism Yy: (k[X])y + k[X] and G acts trivially on k[YJ. 
need to show that F acts as a group of algebra automorphisms on k[X, Y]. 
By the definition of the tensor product of modules ]17, pa 271, it suffices to 
show that r acts as a group of algebra automorphisms on each of the factors 
k[Y]. Since G acts trivially on k[ Y], k[Y] is a module for the 
infinite cyclic group T/G. Thus r acts in the desired fashion k[ Y] by the 
nilpotent case (see also, the example at the end of Section I.3 of [Z]). 
It remains only to show that r acts on k[X]y as a group of algebra 
automorphisms. We already know that G acts in this manner. Since the k- 
!inear map k[X] --) (k[X])” sending a monomial m to m’ is an algebra m p, 
it is enough to show that he module isomorphism rY, (kj Y])” --f kjX] can be 
chosen to be an algebra m p. This is proved in Lemma 3.5. We use only the 
assumption that G acts as a group of algebra automor~hisms on k[X] to 
obtain the information on the socle series ofk[X] which is needed for the 
roof of this lemma. 
In certain situations theisomorphisms !Pi can be chosen to be the identity 
map, and then G acts on the algebra k[X] by left ranslation. Suppose the 
group G its over its Fitting subgroup, G = A7 M A w-ith A torsion-free 
abelian. can choose the elements x1,..., x, as generators of A. Then 
N= G,,, acts on k[X],+, = E&k) by left translation. 
We regard k[X]i+l as a subalgebra of XO(Gill, k) and show that xi acts 
by conjugation on k[Xli+ r. That is for all Qi E k[X] i+ r, the function $Xi7 
defined by#“‘(g) = #(xi gxi ‘) for gE Gj+ r, lies in k[Xli+ r. Clearly Xj”i = xi 
for 1 < i <j < s since the group elements x1,-‘> x,commute. It remains to 
show that (k[X],+,)“i = k[X],+, = E&k). The easiest way to do this is to 
regard EkN(k) as a union of submodules (kN/n’)* as in Section 1. Then A 
acts on each kN/n’ by conjugation andhence on E,,(k). 
Therefore inthis case we can choose ach Yj to be the identity map. In 
summary, we see that N acts on k[X],+l by left translation and also, 
if l<j<s and j < i, then Xj. xi=Xjy (2.3) 
for 1 <i<S, Xi.Xj=Xi+ 1. (2.5) 
481/85/l-5 
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By checking each case separately we see that 
(Xi * Xj)(X) = Xi(XjX) for all i, j, and xE G. 
In other words G acts on k[X] by left translation 
THEOREM Bl. If G splits over N = Fit(G), then there is a finitely 
generated subalgebra k[X] of Hom,(kG, K) on which G acts by left trans- 
lation such that k[X] g E,,(k). 
We now present some examples using perhaps some of the simplest groups 
under consideration. The first group is free nilpotent of class two on two 
generators. Example 2 is a polycyclic group which is not nilpotent-by-finite 
while Example 3 is a finitely presented metabelian group of finite rank which 
is not polycyclic-by-finite. 
EXAMPLE 1. LetG=(x,y,z](x,y)=z,(x,z)=(y,z)=1).LetG,=G, 
G, = (x, z), G, = (z). 
Every element of G has the form g = za$‘yC for integers a, b, c. Define 
Z, X, YE Hom,(kG, k) by Z(g) = a, X(g) = b and Y(g) = c and let k[X] be 
the polynomial algebra in these indeterminates. Then E,,(k) z k[X] as right 
kG-modules where the action is given by left translation, for example, 
(2 . y)(z”x”y’) = Z(yz”xbyC) = Z(Za-bxbyc+ ‘) 
=a-b. 
Therefore Zy = Z - X. Similarly Zx = Z and Zz = Z + 1. Also Xx = X + 1, 
Y~j=Y+l,Xz=Xy=Xand Yx=Yz=Y. 
As an alternative to these calculations we may consider the action of G on 
the dual space of kG/g3 which has a basis consisting of elements 
B*(a,b,c)= [(z - 1)" (X - I)" (y - l)']" 
with 2a + b + c < 3, and then use the formula (1.4). For example, y(x - 1) = 
(x-l)(y-1)+(x-1)-(z-l)modg3 and y(z-l)=(z-l)modg3. 
These and similar calculations show that (z - 1)” y = (z - l)* - (x - l)* 
and formula (1.4) gives Zy = Z - X. 
The comultiplication map ,u: k[X] j k[X] @ k[X] is determined by p(X) = 
X~~+~@X,~(Y)=Y~~+~@Y~~~,U(Z)=Z@~+~@Z-Y@X. 
Tne antipode S satisfies 5’(X) = -X, S(Y) = -Y and S(Z) = -Z - XY. 
EXAMPLE 2. Let G = (a, b, x / (a, b) = 1, ax = b, b” = ab). Any element 
of G can be written uniquely as 
g = aPbqxr. 
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Define A,B,X by A(g) =p, B(g) = q, X(g) = r. Let k[X] be the 
polynomial gebra in A, B, 1. Then k[X] z E,,(k), where G acts by left 
translation. 
It is easily checked that 
h=A+l, Ab=A, Bb=B+ 1, BL2=3, 
Ax=B-A, Bx=A, Xx=X+ 1, Xa=Xb=x 
EXAMPLE 3. Let G=(x,yIx’=x*). 
Then every element of G may be expressed uniquely inthe form g = xi?;’ 
where s E ZI, YE Z [il. Define functions X, Y: G --f k by 
Kg> = 7, Y(g) = s. 
Let kjX\ be the polynomial gebra inX, Y then k[Xj z E,,(k) where G acts 
by left translation. Easycalculations show that 
Xx=X+ 1, xy = +x, 
Yy= Y+ 1, Yx = Y. 
3. THE SOCLE SERIES OF E&k) 
Let G be a torsion-free soluble group of finite rank such that G/N is free 
abelian, where N is the Fitting subgroup of G. rite E = E,,(k). 
E, = sot,(E) and o”t = C,(E,) for t > 1. If G is torsion-free ab lian itis easily 
seen that E, is faithful for G. Hence in general, ifIis the exponent of the 
torsion subgroup of G/G’ we have o”f s G’ for t > 2. 
The subgroups fit play an important role in the study of the socle series of
E,,(k) and we show first that hey are independent of he field k. To this end 
we set E, = E,,(k), E,,, = soc,(E,) and fik,, = C,V(-Ek,f). If F is a field 
extension fk we write VF for the module V @ Jo 
LEMMA 3.3. (i) E,gEL, 
(ii) Ek,l z Ek,, for all t> 1, 
(iii) 5”k,t = BQ,* for all t> 1. 
Brooj (i) The description of E&k) given in Theorem B shows that 
E&k) z &,&Q)“. In general G/N is polycyclic-by-finite and we may use the 
inductive method of Proposition 3.2.lfii) of [4]. 
(ii) As a kG-module Ek,,, has secular height at most t, and by Lemma 
5.1 of [14], this module is an essential extension fk. Hence EL,( is 
isomorphic toa submodule of E,,,. 
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Conversely Ek,t has secular height at most t as a QG-module. Let 
{sn ) 1 E A} be a Q-basis of k. Then as a QG-module E, z @ E,@ sA by 
part (i) and the tth term of the ascending secular series of E, as a QG 
module is isomorphic to 
0 Eo,t 0 sa = (Ee& 
(iii) This follows easily from (ii). 
We next show that the subgroups 6, have certain features in common with 
dimension subgroups. 
LEMMA 3.2. (i) If V is any submodule of E, then G/C,(V) has no 
nontrivial f nite normal subgroup. In particular o”t is an isolated subgroup of 
N. 
(ii) N centralizes every composition factor of E, and for t > 2, @ 
centralizes every kG-module of secular height at most t whose socle is one 
dimensional. 
(iii) (fii, Dj) SE fit+ j for all i and j. 
(iv) For some integer d, fid+, = 1. 
Proof (i) The first statement holds for any group G. We assume that 
C,(V) = 1 and suppose for a contradiction that H is a nontrivial finite 
normal subgroup of G. Then VljG # 0 and so kg VJG. If 
A= c hEkH, then kI?s V’QGI?= 0 
heff 
which is impossible as k has characteristic zero. 
(ii) From the proof of Lemma 2.1, N centralizes every composition 
factor of E. Let W be a kG-module of secular height at most t with 
sot(w) = k(v). Then W is isomorphic to a submodule of E, 0 k(v). Now if 
g E 0”: for t > 2, then since g E G’, vg = v. Therefore g E C,(W). 
(iii) Let A = fif and B = Bj. We first show that 
B E Ca(Ei+j/Et). (3.1) 
If j = 1, this follows by (ii). 
If k is algebraically closed, the socle of Ei+j/Ei is a direct sum of one 
dimensional modules, since G/N is abelian, so (3.1) follows from (ii) in this 
case. In general (3.1) follows by tensoring with the algebraic closure of k. 
Now suppose eEEi+j, aEA, DEB. Then e[(a- l)(b- l)- 
(b- l)(a- l)]=O by (3.1) and therefore (a, b) E D”i+j. Hence (A, B) E 
D”i+j, and since fiiij is isolated in N, (fii, Dj) c fiiij by Corollary 4.6 of 
[61. 
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(iv) Since E is locally finite byLemma 2.1 we have E = U E,, and so 
C,(E) = n I?,. However since G is torsion free C,(E) = 1 by [ 13, Lemma 
2.21. Now the sequence N = fil 3 fi2 ... is a descending chain of isolated 
normal subgroups of N whose intersection is 1.As N has finite rank this 
chain stabilizes and so fid+ 1= 1 for some d. 
The lemma shows the sequence N = fil 2 6,~ ... I> dh 1 = 1 is an IV,- 
sequence of N. This will allow us to apply results from Section 1. Simple 
examples how that the Bi are in general arger than the dimension 
subgroups ofPI. In Section 4,we study group theoretic properties of these 
subgroups. 
From now on we identify E,,(k) with k[X] as in Theorem 
“weights” ofelements ofkG and k[X] using the N+eq 
gf 1, we set v(g) = 1 for g E o”,\o”,+l andv(1) = co. 
by setting v(g) = 1 if gE G\N. For a generator Xi of th 
v(X,) = v(xi), where xi is the corresponding element of 6. 
If m = m(a, ?-, a,) =XTr . -. X;ll is a monomial in k[Xl we set wt(m) =
C air&Y,). Any such monomial may be written uniquely in the form 
m = m,m,, where m, is a monomial in Xr,..~,Xs+, andm2 is a monomial in 
x x,. y:~~.>
As in Section 1,It will denote the subspace of kN spanned by elements 
(g, - 1) ~. (g, - 1) with JJ v(g,) > t, and gi E N. Then 4, 4 kN, and smce 
ldI s nt g I, the filtrations {n’ }are cofinal. Hence EkN(k) = U, (kN/B,) * and 
by Theorem 1.4.8 and Lemma 1.6 the monomials m, = Pn,(a,,, >...) a,.) with 
wt(m,) ( t are a basis for (kN/I,)*. Thus E,,(k) is isomorphic tothe 
subalgebra 5‘ of k[X] consisting of monomials m,, on which N acts by left 
translation 
Similarly the monomials m, form the subalgebr an~~,~~~G which is 
canonically isomorphic toEkA(k), where A = G/N. onomials m2 can be 
thought of as elements of(U/a’)*, where t = wt(m,). Clearly k[X] = S @ 
armkixl nG as algebras. 
For k, j> 1 we let F,,j be the subspace of k[X] spanned by monomials 
m = m,mZ with wt(m,) < i and wt(m,) <j, and F, the subspace spanned by 
all monomials m with wt(m) < t so that 
F,= 1 Fi,j* 
icj=t+ 1 
i.j> I 
For t > 0 let V, be the subspace of F,,, spanned by monomials 
m = m(a, a, ,..., a,)of weight exactly t and z] ai > 1. Also set Ei+ I = 
F, @ Vt. Suppose that m = m, ml E k[X]. TInen for some integers i and 1, 
m E E, and ml, = 0. We say that m E Ei,j if and only if mlVi = 0 and 
m E Ei+j-l. Also Ei,j = 0 if i < 1 or j < I. 
These definitions are related bythe following technical result: 
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LEMMA 3.3. Suppose that m=m,m,Ek[X] with ml 6 S, 
m2 E ann,t,I nG wt(m,) = s, wt(m,) = t. 
(i) IfaEkNandm,a=AEk, thenm,m,a=Am,. 
(ii) If a E I,, then m, a = A E k. 
(iii) There exist elements al E I,, a2 E gf such that ma,az # 0. 
(iv) Suppose m E Ei,j and either a, E Ii or al E Ii_, and a2 E gj. 
Then ma, a2 = 0. 
ProoJ: (i) This holds since G acts as a group of algebra automorphisms 
on k[X] and N acts trivially on each m2. Suppose n E N, then 
(m, m&n - 1) = (mim& - mlm2 
=m,nm,-m,m, 
= ml(n - 1) m2. 
(ii) We can regard m, as part of a dual basis of kN/I,+l, so that m, 
vanishes on Z, + 1. Since I, n G I, + 1 and the action of N on S is by left trans- 
lation we have 
(m, a)(P) = m,(oP) = 0 
Therefore m, a E ann,tX1 nG. 
for all /I E n. 
Since also m, E S, a E kN and S is ‘a kN-submodule of k[X] we have 
m,aES. Therefore m,a=AEk. 
(iii) Since wt(m,) = s, m, occurs as part of the dual basis to kN/Zs+, 
but not as part of the dual basis of kN/Is. Hence there is an a, E I, such that 
ml(a,) # 0. Therefore (mla,)(l) # 0 and so mlal is a nonzero function. 
Since wt(m,) = s we have by (ii) that m, a, = 2 E k so that 
m, m2a, = Am, by (9. 
Now Am, E ann,t,, nG zEkA(k). We can use the same method to obtain 
an element E, E a’ such that m,& # 0. Since N fixes m, we can lift 5, to an 
element a2 of g’ with m2a2 # 0. 
(iv) Suppose m = m, m, E Ei,j and 
a,=(g,-l)...(g,-l)EI,. 
We claim that m(gl - 1) E Ei_-uCgij,j. (3.2) 
If k = i - v(gl), then since (g, - 1) Ik s Ii and mIi = 0 we have 
m(g, - 1) I, = 0. Also since m E Ei+j_l, m(gl - 1) E Ei+j_l_vCg,J by (3.1). 
This proves (3.2), and it follows by induction that ma, E Ei_l,j. Hence, if 
1 > i, ma, = 0. If I = i - 1, we have m, a1 E E,,j E annktXl nG. Since also 
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rn,or E S we have m,a, =A E k. Therefore ma, = Am, by (i) and we can 
repeat the same argument to show m,a, = 0. 
For an abelian group of finite rank, A, we shall write h(A) for the Wirsch 
number of a finitely generated subgroup of maximum rank. 
e can now state the main result ofthis ection. 
THEOREM C. Let G be a torsion free soluble group offinite rank such 
that G/N is free abelian, where N is a nilpotent normal subgroup ofG. 
(i) For all integers t, F,= E,. 
(ii) E, has a basis consisting of monomials m with wt(m) <t. 
(iii> Define integers i i = I,..., d asfollows: 
e, = h(G/N) + h(N/fi-,j 
ei = h(Bi/i3i+ 1) for i = 2,..., d  
lff, = dim, E, + 1/E,, then the generating function Cz O f,<’ is gtuere by
ProoJ (ii) is an immediate consequence of(i) and the definition of F,. 
(iii) follows from (ii) by counting monomials with given weight as in /id, 
3.4. IO(i)]~ 
We prove (i) by induction t. &pose that Ei = Fi for all i< t. This has 
the consequence that Fi is a submodule for i < t. 
LEMMA 3.4. For 1 < i < t - 1 the multiplication map 
is a kG-mo~omorphism. 
ProoJ The map is a kG-homomorphism since G acts as a group of 
algebra automorphisms on k[X]. It is injective by construction. 
We return to the proof of (i). Suppose m E Ei,j, m = m1 m2. If m bZ Fi,,il 
then either p = wt(m,) > i or q = wt(m,) > j. Y ~Lemma 3.3&j there are 
elements a1E Ip and a2 E g9 such that malax # 0. This contradicts Lemma 
3.3(iv). ence Ei,j < F,,j and so 
E 
t+1= 2 
Ei,,jc ~ Fj..j = Ft + i . 
i+j=t+Z i+j=t+Z 
Now the monomials panning E;, , mod F, are precisely those monomials 
of weight which can be written asa product of monomials of weight strictly 
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less that .By varying the choice of i in Lemma 3.4 we see that Ej, 1/FI is a 
completely reducible submodule of /@I/F,. Hence E;, I c E,, r . 
It remains to show that if Xi E F,, i for some i, then Xi E E,, , . For such 
an Xi, v(X,) < t + 1. If v(X,) < t, then Xi E Ft = E, so we may suppose that 
v(X,) = t. 
For 1 < i < s the indeterminates Xi arise as elements ofELA(k), and as A 
is abelian weeasily see that Xi E F, for these Xi can happen only if t= 2 and 
then Xi E E,. 
Assume that s+ 1 < i ,< Y, v(X,) = t. Then xi E o”,\o”,+ r . We can suppose 
that fit+, = 1, and xi is a nontrivial element of Et. There is some monomial 
m EE,+, such that m(x, - 1) # 0. Choose m with wt(m) minimal. If 
m=m,m, and m,(xi- l)=O, then m(x,- l)=O by Lemma 3.3(i). 
Therefore byminimality m2= 1 and m = m, = m,(a,+ 1 ,..., a,.). 
Since fit+r = 1, Xi is central inN. This makes it possible toevaluate 
Xj . xi directly for s + 1 <j < r 
Cxj ’ xi)(x(bl )***) bi )...) b, ) = Xj(X(b, )...) bi + l)..., b,)) 
= bj, i#j 
=bj+l if i=j. 
The minimality ofwt(m) forces Xi= m E E,, I as required. 
To complete he inductive proof of Theorems B and C it remains to prove 
the following lemma which was applied inSection 2.
LEMMA 3.5. Suppose the group r has normal subgroups N < G such 
that N is nilpotent of finite rank, r/N is free abelian d T/G is infinite 
cyclic generated by the image of y E IY We identifV E&k) with k[X] as in 
Theorem B. Then it is possible to choose a kG-isomorphism and algebra m p 
Iv: (k[X])y + k[X]. 
ProoJ: We have to choose Y so that for all monomials $r, d2 E k[X] 
By Theorem C we have E, = soc,(E,,(k)) whichis spanned by monomials 
of weight less than t. We construct Y as a direct limit of maps vt: EF -+ E,. 
Choose ‘1/r: ET + E, as the identity map. Suppose that for t > 1 we have 
constructed a kG-map vr: Ey + E, such that 
W,(VI $JY) =w,w wtw for all #I$2 E E,. (3.3) 
We write V, for the subspace of E,, I spanned by monomials 
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m = m(a, )...) a, of weight exactly t and C ai > 1, and set E:, r = E, @ Vf ~ 
There is a unique k-linear extension vi+ ,: (E;, ;)” + E;, i sue 
for all #r& E E;,,. A routine check shows that vi+, is a kG-map. 
y injectivity t&+r extends to a kG-map v’tl r from E;,, to E&k) and 
since (E,+ 1)y has secular height at most t we see that he image of E.y+ 1
coincides with E,, , . 
As vector spaces E,, 1 = E,‘, , 0 Wt, where LV! is t e subspace of E,, i 
spanned by the Xi with v(X,) = t. Thus in showing that (3.3) holds with t + I 
replacing t there is nothing new to check. 
We remark that for large t, fit = 1, and E, = Ei for all s> t. It is clear 
from the proof of the lemma that the map !P is determined by the 
isomorphism I,Y~: E; + E, of finite-dimensional kG-modules. 
4. CQMPOSITION FACTORS AND THE SUBGROLJP~ 6, 
If H is a normal subgroup of a group G, we say that G calt;ptosi splits over 
H if there is a subgroup X of G such that H C? X= 1 and / 6: HXI < co. 
If H is an abelian normal subgroup of G having finite rank and W the 
finite-dimensional QG-module W = H @ &Q, we set V= rad( W)? the smallest 
submodule of W such that he quotient W/V is completely reducible asa 
QG-module. We define rad(H) to be Hf7 rad(W). Then rad(H) is an isolated 
subgroup of H which is normal in G. If H is an arbitrary normal subgroup 
of G, rad(H) is defined by
rad(H)/H’ = rad(H/H’). 
The description of fi2 below was inspired by a corresponding result for 
enveloping algebras, Theorem 3.3 of 191. 
Proposition 4.1. If G is a soluble group offinite rank such that G/N is 
abelian, where N = Fit(G), then the following normal subgroups of G 
coincide 
(2) The smallest isolated normal subgroup L of N costarring had(N) 
such that G/L almost splits over N/L. 
(3) The subgroup J defined asfoElows: let 9, be givelz byJ,/rad(N) = 
G’/rad(N) n Z(G/rad(N)), then J is the isolator of J, inside N. 
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ProoJ: We show that 
(a) J&D”,. 
(b) G/J almost splits over N/J. 
(c) If L, satisfies the condition in (2), then fi2 g L,. 
(a) We have N’ ~6, by Lemma 3.2 and so we can assume that 
N’ = 1. Suppose that 
O+k+S+T+O 
is a nonsplit exact sequence of kG-modules with T irreducible. We can 
regard n/n2 as a kG-module with G acting by conjugation. We construct a 
kG-module homomorphism p: n/n’ + Hom,(T, k) as follows: 
If x E N, s E S, then s(x T 1) E k since N centralizes T by the AR- 
property. Further if s E k, then s(x - 1) = 0 so we obtain a k-linear map 
p(x - 1): S/k+ k sending s + k to s(x - 1). Now Hom,(T, k) becomes a 
(right) kG-module via 
(4 . gN> = dW’> for t E T, g E G. 
It is easily checked that the map p: (x - 1) + p(x - 1) is a homomorphism 
of kG-modules. Now if x E rad(N), we must have p(x - 1) = 0 since 
Hom,(T, k) is an irreducible kG-module. Therefore rad(N) z 6, and we may 
assume that rad(N) = 1. Since o”* is an isolated subgroup of N, it is enough 
to show that G’ f’ Z(G) c fi2. Let x be an element of G’ f7 Z(G). 
Let 0 - k + S + T + 0 be a nonsplit exact sequence with T irreducible and 
suppose that S(x - 1) # 0. By the AR property (x - 1) centralizes the factor 
S/k and since x is central in G, multiplication by (x - 1) yields a nonzero 
kG-map from T E S/k to k. Hence T is trivial as a kG-module. However, 
xEG’ then gives S(x - 1) = 0 a contradiction. This shows that 
S(x - 1) = 0 for all such sequences, and so x E B2. 
(b) By definition rad(N) g Js G’ c N. Hence N/J is completely 
reducible as a QG-module. Also from the definition of J, no composition 
factor of N/J is centralized by G. Therefore by Lemma 2 of [ 181, G/J almost 
splits over N/J. 
(c) We have to show that g @? L, implies g @ D2. Without loss of 
generality L, = 1, g # 1. Then rad(N) = 1 and there is a subgroup X of G 
such that G, = NX has finite index in G. We claim, that E,(g - 1) # 0. Since 
fi: c G’, we may replace g with g’ if necessary to assume g E G’ c N. 
The kN-module kN/n2 has a unique maximal submodule kN/n and secular 
height 2. We can make kN/n2 into a kG,-module by allowing X to act by 
conjugation. We have (kN/n’)(g- 1) # 0 since g @! N’. Dualizing this we 
get a kG,-module V of secular height 2 and socle k such that V(g - 1) # 0. 
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It remains to deal with the finite extension G/G,. Since G is soluble, we 
can assume that G = G/G, is elementary abelian byinduction. y Lemma 
3.11 we may assume that k is algebraically c osed. Under these conditions 
every irreducible kG-module is linear. 
The induced module VG = V@ kC, kG is an essential extension fk”, and 
clearly p(g - I) f 0. 
To see that VG has secular height 2 as a kG-module it is e 
that if 5’ is an irreducible kG,-module, then the induced moduHe 5” is a 
completely reducible kG-module. Clearly SC is completely reducible asa 
kG,-module. Let T be the socle of SG as a kG-module. Then the exact 
rice 03 T+ SC + S6/T+ 0 splits a a sequence kG,-modules, and so 
G. Higman’s theorem, Lemma 7.2.2 of 1161 this equence splits a kG- 
les. Therefore SG= IF as claimed. 
Now VG is contained ina direct sum of kG-modules W, @ IV2 @ . . 1 
where each %a/;. is an indecomposable kG-module of secular height at mostmi 
with linear socle Vi. Since v”(g - 1) # 0, we have W,(g - 1) f 0 for some 
i. If Vj” is the dual module to Vi, then VF(g - 1) = 0 since gE G’, and so 
(VF @ IVJ(g - 1) # 0. Finally note that the socle of V,? @ Wj is 
VT @ Vi E k. This completes the proof of the proposition. 
e next study the connection between the subgroups I and composition 
factors ofE&k). By Lemma 3.4 the composition factors ofE;+ ,/E, arise as 
tensor products offactors occuring lower down the socle series. It remains to 
describe the modules E,, r/E;+ ]. 
h)ROPOSITION 4.2. (i) Assume that G/rad(iV) splits over N/ 
there is an isomorphism ofkG-modules (G/N @ rk)* @ ( 
WE, * 
(ii) Assume that G splits over N, G = NA, Nf’ A = 1 with A torsiorz- 
e abelian. Then for t > 2 there is an ~som~rp~ism of kG~rno~~~~.~ 
t/&l C&k)* ~E,+,IE:+l- 
We remark that by Proposition 4.1, the condition i the first part of 
Proposition 4.2can be achieved bydropping to a subgroup of finite index. 
The proofs of both parts of the proposition aresimilar, and we prove only 
part (ii). 
We shah use the kG-module structure on k[X] z E,,(k) given by formulas 
(2.3)-(2.5). We regard E,,Jk) as a union of submodules (k-M/l,)“. Then A 
acts on each kN/I, by conjugation. By Theorem 1.4.8 kN/Il+ 1has a basis 
consisting of elements 0 = 6(a, ..., a,)with wt(8) < 1. Also by Le a I 5 the 
map from (kN/I,+,)* to E&k) g k[X] sending @(a,,...? a,)*to (2;;) isa 
mo~omorp~ism of kG-modules. By Theorem C the image of (k&‘/If+ ,)*is 
contained inE,, I. 
Hf v(x~) = t, then (xi - I) occurs among the B’s of weight and (xi - I)* is 
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sent by the above map to Xi. This gives rise to a k-linear map from 
@,/fit+ 1 Oak)* to Et, I/E;+ 1. Using the fact hat N acts trivially on both 
modules, while A acts by conjugation, it iseasy to see that his is a kG- 
module homomorphism. 
COROLLARY 4.3. Under the hypothesis of Proposition 4.2(ii) the kG- 
modules o”,/o”,, 1 @ ,k are completely reducible fort > 2. 
PROPOSITION 4.4. Under the hypothesis of Proposition 4.2(ii), fit+, = 
rad(D”,) fort > 2. 
ProoJ We have (N, 6J G o”(+ Iby Lemma 3.2 and ‘ad@,) G fit+, by 
Corollary 4.3. 
It is enough to suppose that rad(D”,) = 1 and show that if x # 1, then 
x @ C&E,+ ,). We may assume that xE fit = C&E,). Suppose the abelian 
group fit has a dense subgroup generated by x, ,..., xk and x = x:1 . .+ xik with 
a, E Q and each xi central in N. For some i, a, # 0. If Xi is the 
corresponding element of k[X], then by direct calculation, X,x = Xi t a, 
since x is central inN. To show that Xi E E,, i, note that Xi can be regarded 
as an element of (5, @ rk)* which embeds in k[X]/E,, since (kN/I,)* c E,. 
Therefore Xi E soc(k[X]/E,) since rad(D”,) = 1. This shows that 
x @ cc@,+ I>. 
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